Will Neural Operators Replace Numerical Solvers?

Aman Chourasia®

$Indian Institute of Technology Patna
Email: contact@amanchourasia.in

Neural operators are being studied as data-driven methods
for approximating solution operators of partial differential equa-
tions (PDEs) and reducing the cost of repeated simulation. Re-
cent work has examined data-driven PDE solution, physics in-
formed learning, and neural operator methods for scientific com-
puting problems [1-4]. Their computational value, however, can-
not be determined from inference time alone because a learned
model may require numerical training data generation, model
training, and other computational resources before repeated pre-
dictions can be performed. This study compares a Fourier neural
operator with conventional numerical solvers for two one dimen-
sional PDEs, namely the viscous Burgers equation and the peri-
odic heat equation, using a common CPU based computational
framework. The comparison measures numerical solver time,
neural operator training and inference time, fixed preparation
cost, peak process memory, relative L* error, and cumulative
computational cost as a function of the number of requested sim-
ulations. For the Burgers equation, the baseline configuration
produced a mean numerical solver time of 0.012437 s per simu-
lation and a mean neural operator inference time of 0.001221 s,
with an estimated break even point of approximately 2.98 x 103
simulations. A larger training configuration reduced the mea-
sured test relative L? error from approximately 9.54 x 1073
t0 4.92 x 1073, but increased the estimated break-even point
to approximately 8.00 x 103 simulations. For the heat equa-
tion, the numerical solver required 0.004105 s per simulation
and the neural operator required 0.000738 s per inference, while
the estimated break even point was approximately 2.75 x 10%
simulations. The numerical heat equation solution agreed with
the analytical solution to approximately 2.39 x 10712 relative
L? error, whereas the neural operator produced approximately
3.88 x 1073 relative error. These results show that lower neu-
ral operator inference cost does not necessarily imply lower total
computational cost and that the relative advantage depends on
the PDE, preparation cost, accuracy, and number of required sim-
ulations. The study therefore evaluates neural operators as work-
load dependent computational alternatives to numerical solvers
rather than as universal replacements.

1. Introduction

Partial differential equations (PDEs) provide a mathematical
basis for describing physical systems across science and en-
gineering, and physics-based computational models use gov-
erning equations to support prediction, simulation, and infer-
ence for systems that cannot be fully characterized through
observation alone [5]. As scientific studies consider larger
parameter spaces and increasingly complex physical systems,
the computational cost of obtaining solutions can become an
important limitation, particularly when high-fidelity models
must be evaluated repeatedly. This has motivated the develop-

ment of data-driven approaches for PDE solution and param-
eter estimation, including methods that learn solution map-
pings from previously generated data and methods that incor-
porate physical information into the learning process [1,2].

Conventional numerical solvers compute solutions for spec-
ified mathematical problems through discretization and nu-
merical solution procedures, maintaining an explicit connec-
tion between the governing equations and the computed state
[5]. When a new problem instance requires different param-
eters or other prescribed conditions, the numerical solution
procedure is generally performed again, so the computational
cost increases with the number of required evaluations. This
characteristic becomes especially relevant in parameter stud-
ies, repeated prediction, optimization, and other many query
settings in which a single physical model may need to be eval-
uated many times. Research in scientific machine learning
has therefore investigated whether information obtained from
previous computations can be reused to reduce the cost of sub-
sequent PDE evaluations and repeated simulations [1].

Neural operators provide one approach to this problem by
learning mappings between functions rather than construct-
ing a separate approximation for every individual problem in-
stance. Recent studies have applied neural operator models to
infinite dimensional nonlinear systems and to PDE solution
operators that depend on geometry [3,4]. The many query
setting is particularly important because Yin et al. consider
the computational cost of solving PDEs repeatedly across dif-
ferent geometries and develop a learned solution operator for
this purpose [4]. These results demonstrate the potential of
operator learning as a means of reusing information across re-
lated simulations and reducing repeated computational effort,
but they do not establish that a learned approach is universally
preferable to direct numerical computation.

The central issue is therefore broader than whether a neu-
ral operator can produce an individual prediction faster than
a numerical solver. A learned approach introduces an initial
computational investment for obtaining training data and op-
timizing the model, while a conventional solver performs the
required numerical computation directly for each problem in-
stance. Kadeethum et al. explicitly distinguish this start up
cost from the lower marginal cost of additional learned model
evaluations and note that the expected number of model en-
quiries should be considered before adopting the approach [1].
The relative advantage can consequently depend on the work-
load, the required accuracy, and the conditions under which
the learned model is evaluated in practice.

A second issue concerns the validity of the learned approx-
imation beyond the conditions represented during training.
Kadeethum et al. report acceptable behavior when valida-
tion data share relevant underlying features with the train-
ing data, while performance can deteriorate when those fea-



tures are not shared [1]. Physics informed learning provides
another direction by incorporating governing equations into
the learning process, and Kharazmi et al. demonstrate this
approach for parameter identification and prediction in differ-
ential equation models [2]. More broadly, Brunton and Kutz
identify solution operator learning and improvements to tra-
ditional numerical algorithms as important directions in ma-
chine learning for PDEs, while also identifying unresolved
challenges in the field and opportunities for investigation [6].

These observations motivate the central question of this
study, which is to determine under what computational condi-
tions a neural operator provides a meaningful advantage over
a conventional numerical solver for repeated PDE simulation.
Rather than treating inference speed as the sole measure of
performance, the study compares the complete computational
pathways of the competing approaches and examines how
their relative behavior changes with simulation count, accu-
racy requirements, and evaluation conditions. The resulting
analysis is intended to distinguish situations in which neu-
ral operators provide a practical computational benefit from
situations in which conventional numerical methods remain
the more appropriate choice, while also considering cases in
which the two approaches may be used together.

2. Background and Motivation

2.1. Background

PDE simulation has historically relied on numerical approx-
imations because many physically important equations can-
not be solved analytically for realistic domains, coefficients,
boundary conditions, or nonlinearities. Finite-difference,
finite-element, and spectral techniques have enabled the study
of complex systems that would otherwise remain inaccessi-
ble, while machine learning has introduced an additional ap-
proach based on information obtained from simulation and ex-
periment [6]. Physics-based modeling remains important be-
cause governing equations encode physical structure, causal-
ity, and generalizable relationships that can extend beyond
the data used to construct a model [5].

The emergence of data-driven PDE methods does not re-
place this numerical framework but changes how computa-
tional information may be reused. Kadeethum et al. devel-
oped a data-driven framework for learning forward and in-
verse PDE solution operators from numerical training data,
demonstrating that a learned representation can provide sub-
stantially lower marginal computational cost after the train-
ing stage [1]. Physics-informed approaches provide a related
but distinct strategy in which known differential equations
contribute directly to the learning problem, as demonstrated
by Kharazmi et al. for parameter identification and prediction
in epidemiological models [2]. These developments illustrate
that learning-based PDE methods can differ substantially in
how they obtain information, impose physical structure, and
distribute computational effort.

Neural operators occupy a particular position within this
landscape because they seek to approximate solution opera-
tors between function spaces. Brunton and Kutz describe solu-
tion operator learning as one of the major directions through

which machine learning is being applied to PDEs, while Yin et
al. develop a scalable framework for learning geometry depen-
dent solution operators [4,6]. Pickering et al. similarly demon-
strate the use of deep neural operators for approximating in-
finite dimensional nonlinear operators in an active learning
framework [3]. Together, these studies establish the method-
ological basis for treating neural operators as reusable approx-
imations of families of computational problems rather than
models tied to one isolated numerical solution.

Scientific machine learning extends beyond PDE solution
operators to a wider range of learned representations for
physical and computational systems. Data-driven approaches
have been used to infer dynamical mechanisms from incom-
plete and noisy observations, identify hidden physical state
variables, and construct reduced thermodynamic descriptions
from microscopic trajectories [7-9]. Other work has inves-
tigated the automated discovery of computational algorithms
from data and the implementation of learning operators using
specialized optical hardware, illustrating broader efforts to re-
duce computational effort or discover reusable computational
representations [10,11]. These studies do not directly estab-
lish the performance of neural operators for PDE simulation,
but they place operator learning within a broader movement
toward data-driven representations of scientific computation.

The same broader development is visible in applications
that require repeated computational prediction and integra-
tion between physical and computational systems. Research
on predictive digital twins has examined computational mod-
els that are updated and evaluated throughout the life of an
asset, while later work has considered the computational-
science requirements, engineering applications, and industrial
challenges associated with deploying digital twins at scale
[12-15]. Digital-twin methods have also been extended to
chemical science through coupled theory, experiment, for-
ward modeling, and inverse inference [16]. These applica-
tions reinforce the importance of computational cost, repeated
evaluation, model updating, and the relationship between
learned representations and established computational mod-
els, although they address application domains different from
the PDE benchmark considered here.

Learned scientific models have also been developed for
atomistic simulation, where the computational objective is to
obtain accurate predictions at lower cost than conventional
high fidelity calculations. Deep learning interatomic poten-
tials have been used to predict crystallization products across
diverse inorganic materials, while chemistry motivated many
body representations have been developed to improve the
computational efficiency and transferability of machine learn-
ing potentials [17,18]. These studies are not direct compar-
isons between neural operators and PDE solvers, and there-
fore are not used as evidence for the break even results of
the present work. Instead, they provide related examples in
which the value of a learned scientific model depends on the
balance between model construction cost, prediction cost, ac-
curacy, and the computational workload of the target appli-
cation. This broader perspective supports evaluating learned
scientific models according to their intended computational
use rather than prediction speed alone.



2.2. Motivation

The computational structure of the learned approach is funda-
mentally different from that of a direct numerical solve. A nu-
merical method incurs computational work when a solution is
requested, whereas a learned method divides its cost between
preparation and subsequent evaluation. The preparation stage
can include the generation of numerical training solutions,
construction and storage of datasets, preprocessing, parame-
ter optimization, and hardware utilization, while subsequent
evaluations may be comparatively inexpensive. Kadeethum et
al. provide direct evidence for this distinction and emphasize
that the number of expected enquiries is an important con-
sideration because training-data creation represents a major
part of the overall preparation cost [1]. The appropriate com-
parison is therefore a workload-level comparison in which the
initial and repeated costs are considered together.

This leads naturally to a break-even perspective. For a
small number of requested solutions, the preparation cost of
a learned model may represent a substantial fraction of the
total computation, whereas for a sufficiently large number of
related evaluations, a lower marginal prediction cost may be-
come increasingly important. The same general issue appears
in computational workflows in which expensive high-fidelity
models must be evaluated repeatedly and computational re-
sources become a limiting factor [12]. The purpose of the
present study is therefore not to assign a universal advan-
tage to one class of method, but to determine how the balance
changes as the computational workload changes.

Accuracy introduces a second dimension to this compari-
son. A learned model must represent the relevant solution be-
havior from finite training information, and its performance
can depend on whether evaluation cases remain within the
characteristics represented during training. Kadeethum et al.
explicitly observe degradation for validation data that do not
share underlying features with the training data [1]. Physics-
informed learning addresses part of this issue by incorporat-
ing governing equations into the learning formulation, while
broader PDE machine-learning research continues to investi-
gate representations and numerical strategies that improve ro-
bustness and generalization [2,6]. Consequently, a meaning-
ful comparison must consider not only computational savings
but also whether the resulting approximation remains suitable
for the intended range of problem conditions.

The evaluation framework adopted in this study follows
from these computational differences. The analysis separates
costs that occur before deployment from costs incurred dur-
ing repeated use and considers the numerical and learned ap-
proaches under comparable problem specifications. It also
distinguishes computational cost from predictive quality so
that a faster method is not treated as preferable when its er-
ror or generalization is inadequate for the intended applica-
tion. Hybrid formulations are included because the broader
scientific-machine-learning literature considers combinations
of learned and physics-based components rather than requir-
ing one approach to replace the other [5,6].

The resulting framework is designed to answer a practical
computational question. Given a PDE family, a required accu-
racy, and a specified number of simulations, which computa-

tional strategy provides the most appropriate balance of cost
and solution quality? This formulation makes the simulation
count, preparation burden, repeated use cost, and predictive
validity explicit parts of the comparison, providing the basis
for the quantitative evaluation developed in the following sec-
tions. It also allows the computational tradeoffs to be assessed
consistently across the evaluated cases.

3. Methods
3.1. Research Design

This study uses a controlled comparative framework to evalu-
ate a Fourier neural operator (FNO) and conventional numeri-
cal solvers for repeated partial differential equation (PDE) sim-
ulation. Two one dimensional PDEs are considered, namely
the viscous Burgers equation and the periodic heat equation.
The comparison separates the computational cost required to
construct and train the neural operator from the cost of subse-
quent inference and compares these quantities directly with
the repeated cost of direct solution across tested workloads.

For each PDE, numerical solutions are generated for pre-
scribed initial conditions using a pseudo spectral numerical
solver with fourth order Runge-Kutta time integration. A sub-
set of these numerical solutions is used as training data for the
FNO, while separate validation and test sets are retained for
model selection and final evaluation. The numerical solver is
also evaluated independently on held out test cases so that the
marginal cost of direct numerical solution can be compared
with the marginal cost of neural operator inference.

3.2. PDE Test Problems
The first problem is the 1D viscous Burgers equation,
Ut + Uy = VUgyg, (1)

defined on the periodic domain z € [0,1). The viscosity is
set to v = 0.01. The baseline experiment uses 64 spatial grid
points, a time step of 0.001, and 100 time steps. A second Burg-
ers configuration uses 128 spatial grid points while retaining
the same viscosity and temporal discretization.

The second problem is the 1D periodic heat equation,

Ut = QUygy, (2)
with o = 0.01 and final time ¢ = 0.1. The primary heat equa-
tion experiment uses 64 spatial grid points and a time step of
0.001, corresponding to 100 time steps. Because the periodic
heat equation admits an analytical Fourier mode solution, the
numerical solution and neural operator prediction can also be
evaluated against an independent analytical reference.

3.3. Numerical Solver

The numerical reference solutions are obtained using a
pseudo-spectral method. Spatial derivatives are evaluated in
Fourier space using the discrete Fourier transform, while tem-
poral integration is performed using the classical fourth-order
Runge—Kutta method. For the Burgers equation, the nonlinear
term is evaluated in physical space and Fourier components
above the selected de-aliasing cutoff are removed before trans-
forming the nonlinear contribution back to physical space.



The solver advances each initial condition through the pre-
scribed number of time steps. Solver time is measured inde-
pendently for each problem instance using wall clock mea-
surements. The mean numerical solver time is computed from
the held out test cases and is subsequently used in the cumu-
lative cost analysis. This measurement isolates the repeated
computational cost of direct numerical solution and enables a
consistent comparison with neural operator inference.

For the heat equation, the numerical solution is addition-
ally compared with the analytical Fourier solution. This pro-
vides an independent verification of the numerical discretiza-
tion and prevents the numerical solution from being treated
as an exact reference without verification.

3.4. Neural Operator Model

The learned model is a one-dimensional Fourier neural oper-
ator. The model receives the initial spatial field as input and
predicts the corresponding final solution field. A spatial coor-
dinate channel is included with the input representation.

The FNO contains an initial linear lifting layer followed by
four spectral convolution blocks with pointwise convolutional
terms. The baseline and larger experiments use 12 Fourier
modes and a channel width of 32. The lifted representation
is processed through the spectral layers and then projected
back to the scalar solution field through two fully connected
layers with a GELU activation between them.

The same model configuration is used for the baseline Burg-
ers, larger Burgers, and heat equation experiments unless oth-
erwise stated. The neural operator is trained only using the
designated training set, while the validation set is used to mon-
itor predictive performance during training. The test set is not
used for model selection or parameter tuning, preserving its
role as an independent evaluation set and limiting bias.

3.5. Training Data and Dataset Splits

Training data are generated from the numerical solver by ap-
plying independently generated smooth periodic initial con-
ditions to the selected PDE. The baseline Burgers experiment
uses 256 training samples, 64 validation samples, and 64 test
samples. The larger Burgers experiment and the heat equation
experiment use 512 training samples, 128 validation samples,
and 128 test samples. These datasets are generated separately
to maintain a clear evaluation protocol.

The same random seed is used for each benchmark config-
uration to maintain reproducibility. The training, validation,
and test data are generated as separate datasets so that the
final evaluation is performed on cases not used for parame-
ter optimization. This separation prevents information from
the test set from influencing model selection and provides a
consistent basis for comparing predictive accuracy across the
evaluated configurations. It also supports a transparent as-
sessment of model performance across configurations.

3.6. Training Procedure

The FNO is trained on the CPU using the Adam optimization
algorithm. The baseline Burgers configuration uses 30 train-
ing epochs, while the larger Burgers configuration and the
heat-equation experiment use 50 epochs. The batch size is 16

and the initial learning rate is 2 x 1073. A stepwise learning-
rate schedule is applied during training.

The model with the lowest validation relative L? error is re-
tained for the final test evaluation. Training time is measured
independently from numerical-data generation and neural-
operator inference. No test-set information is used to modify
the model after training.

3.7. Computational Environment

All computations are performed on the same Intel(R) Xeon(R)
Gold 6226R CPU @ 2.90GHz system. The benchmark envi-
ronment reports 64 logical CPUs, with PyTorch configured to
use 32 CPU threads. The software environment uses Python
3.11.9, PyTorch 2.3.1 with CPU support, and NumPy 1.26.4.
Peak process memory is recorded during the complete
benchmark workflow. The reported timing measurements
therefore correspond to the actual CPU environment used for
the experiments rather than hardware independent estimates.

3.8. Evaluation Metrics

Computational performance is evaluated using wall clock
time for numerical solution, neural operator training, and neu-
ral operator inference. The fixed neural operator cost includes
the numerical generation of the training and validation data
together with the FNO training time. Peak process resident
memory is also recorded throughout the complete benchmark.

Solution quality is measured using the relative L? error be-
tween the predicted solution and the corresponding numeri-
cal reference. For the heat equation, the numerical solution
and the FNO prediction are additionally compared with the
analytical solution. The numerical solver error relative to the
analytical solution provides an independent measure of the
accuracy of the reference computation.

3.9. Cumulative Cost Model

The comparison treats the number of requested simulations
as an explicit variable. For the neural-operator workflow, the
cumulative computational cost is written as

Cno(N) = Caata + Cirain + N Cinger, (3)

where Cyata is the measured cost of generating the training
and validation data, Clain is the FNO training cost, Cipfer is
the measured cost of one neural-operator inference, and N is
the number of requested simulations.

For repeated direct numerical solution, the corresponding
cumulative computational cost is

ONS(N) = NCSO]V67 (4)

where Ciolye is the mean wall-clock time required for one nu-
merical solution. The estimated break-even point is obtained
from the intersection of the two cost expressions and is re-
ported as the simulation count at which the cumulative neural
operator cost becomes lower than the cumulative numerical
solver cost for the evaluated workload.

The cost formulation is motivated by prior work that ex-
plicitly distinguishes the start-up cost of learned PDE models
from the marginal cost of subsequent model evaluations [1].



3.10. Repeated Timing Measurements

The baseline Burgers configuration is executed four times us-
ing the same computational settings. These repeated measure-
ments are used to estimate variability in wall clock timing
and to obtain mean and standard deviation values for the nu-
merical solver time, neural operator inference time, and fixed
neural operator cost. This repeated evaluation also provides a
more reliable basis for timing comparisons and reporting.

The larger Burgers and heat equation configurations are
treated as separate experimental configurations because their
training set sizes, validation set sizes, test set sizes, and train-
ing schedules differ from the baseline experiment. Their tim-
ing and accuracy values are therefore not pooled with the four
baseline runs or combined in the reported averages.

3.11. Scope of the Evaluation

The evaluation is restricted to the two one-dimensional PDEs,
the numerical solvers, FNO configurations, spatial resolutions,
and CPU environment described above. The experiments are
intended to measure the relationship between marginal pre-
diction cost, fixed preparation cost, accuracy, and simulation
count within these controlled settings. No broader perfor-
mance claims are made beyond the tested configurations.

No claim is made that the measured break even points ap-
ply universally to other PDE classes, numerical solvers, neural
operator architectures, spatial dimensions, hardware configu-
rations, or broader computational workloads. These results
should therefore be interpreted only within the experimental
scope defined in this study and context of the manuscript.

4. Results

4.1. Computational Performance

The first four benchmark runs used the same one dimensional
viscous Burgers equation, numerical discretization, neural op-
erator architecture, training data size, validation data size, test
data size, and training schedule. Across these repeated runs,
the numerical solver required a mean of 0.012437 s per simu-
lation with a standard deviation of 1.58 x 10~* s. The corre-
sponding mean neural operator inference time was 0.001221 s
per simulation with a standard deviation of 6.01 x 107% s.
Based on these mean measurements, a neural operator infer-
ence was approximately 10.2 times faster than an individual
numerical solve. The repeated measurements also provide a
basis for assessing timing variability under otherwise consis-
tent computational conditions across the benchmark runs.
The lower marginal inference cost was accompanied by a
substantially larger fixed computational cost. The mean fixed
cost of the baseline neural-operator workflow was 33.346 s,
with a standard deviation of 0.600 s. This fixed cost includes
numerical generation of the training and validation data and
subsequent neural-operator training. The results therefore
show that lower inference time does not immediately trans-
late into lower total computational cost for small workloads.
The second PDE experiment used the one-dimensional pe-
riodic heat equation with an analytical solution available for
independent accuracy verification. The numerical solver re-
quired 0.004105 s per simulation, while the corresponding

FNO inference required 0.000738 s per simulation. The neural
operator was therefore approximately 5.6 times faster per in-
ference for the heat equation. The fixed neural-operator cost
was approximately 92.422 s, which was substantially larger
than the cost of one numerical solve.

4.2. Break-Even Analysis

The cumulative computational cost of the Burgers-equation
baseline provides a different result from the single-simulation
timing comparison. The estimated break-even simulation
counts from the four repeated baseline runs were 3125, 2763,
2994, and 3036 simulations, respectively. The mean break-
even point was approximately 2.98 x 10 simulations with a
standard deviation of approximately 154 simulations. Thus,
for workloads substantially below this range, repeated nu-
merical solution remained less expensive despite the lower
marginal inference cost of the neural operator.

At N = 1000 simulations, the numerical solver re-
quired approximately 12.44 s using the mean measured solver
time, whereas the neural-operator workflow required approx-
imately 34.57 s after inclusion of the fixed preparation cost.
At N = 10000 simulations, the numerical solver required
approximately 124.37 s, whereas the neural-operator work-
flow required approximately 45.56 s. The ordering therefore
changed as the number of requested simulations increased,
with the neural-operator approach becoming less expensive
only after the initial computational investment had been
amortized over a sufficiently large workload.

The larger Burgers-equation training configuration pro-
duced a different cost profile. Its fixed neural-operator cost
was approximately 97.60 s, and its estimated break-even point
was approximately 8.00 x 103 simulations. At N = 10000,
the corresponding numerical-solver cost was approximately
128.84 s, whereas the neural-operator cost was approximately
104.42 s. Thus, the larger training configuration remained
more expensive for smaller workloads but became less expen-
sive at sufficiently large simulation counts.

The heat equation experiment produced a higher break even
point. Its estimated break even simulation count was approx-
imately 2.745 x 10* simulations. At N = 10000, the numer-
ical solver required approximately 41.05 s, whereas the neu-
ral operator workflow required approximately 99.80 s. The
numerical method therefore remained less expensive across
the tested workload range for this PDE, despite the lower
marginal inference cost of the neural operator.

4.3. Accuracy

The four Burgers baseline runs produced the same reported
test relative L? error of approximately 9.54 x 1073, corre-
sponding to approximately 0.95% relative error for the tested
cases. The larger Burgers training configuration reduced the
test relative L? error to approximately 4.92 x 1073, corre-
sponding to approximately 0.49% relative error. The increase
in training data and training duration therefore improved the
measured predictive accuracy for the Burgers problem.

For the heat equation, the numerical solver could be com-
pared directly against the analytical solution and produced a
relative L? error of only 2.39 x 10~!2. The corresponding



Table 1: Measured computational and accuracy results for the repeated Burgers-equation baseline runs, the larger Burgers-
equation training configuration, and the periodic heat-equation experiment. The four baseline Burgers runs use 256 training
samples, 64 validation samples, 64 test samples, and 30 training epochs. The larger Burgers configuration and the heat-equation
experiment use 512 training samples, 128 validation samples, 128 test samples, and 50 training epochs.

Configuration PDE Training Validation Test Solver time (s) FNO inference (s) Fixed FNO cost (s) Test relative L? error
Run 1 Burgers 256 64 64 0.012414 0.001565 33.901 9.538 x 107°
Run 2 Burgers 256 64 64 0.012518 0.000321 33.703 9.538 x 107°
Run 3 Burgers 256 64 64 0.012591 0.001495 33.226 9.538 x 107°
Run 4 Burgers 256 64 64 0.012226 0.001504 32.553 9.538 x 107°
Baseline mean =+ s.d. Burgers 256 64 64 0.012437 4+ 0.000158  0.001221 £ 0.000601 33.346 + 0.600 9.538 x 1073
Larger training configuration  Burgers 512 128 128 0.012884 0.000682 97.600 4.924 x 1073
Heat-equation configuration Heat 512 128 128 0.004105 0.000738 92.422 3.883 x 107°

FNO test relative L? error against the analytical solution was
3.88 x 1073, or approximately 0.39%. The FNO therefore re-
mained substantially less accurate than the numerical refer-
ence in this experiment, despite providing a lower marginal
inference time under the tested conditions. This comparison
provides an independent check of predictive accuracy.

The comparison across the two PDEs also shows that the
measured neural operator error was of similar magnitude for
the larger Burgers and heat equation configurations, while the
computational break even behavior was substantially differ-
ent. The heat equation required approximately 2.75 x 10% sim-
ulations to reach the estimated break even point, whereas the
larger Burgers configuration required approximately 8.00 X
103 simulations. The results therefore indicate that predictive
error and computational advantage cannot be inferred directly
from one another in general across these configurations.

4.4. Memory and Hardware Use

The four Burgers baseline runs recorded peak process mem-
ory values between 0.271 and 0.298 GB, with a mean of ap-
proximately 0.279 GB and a standard deviation of approxi-
mately 0.013 GB. The larger Burgers configuration recorded
approximately 0.303 GB, while the heat equation configura-
tion recorded approximately 0.330 GB. These measurements
indicate that the observed memory requirement increased
with the larger experimental configurations, although the
present experiments do not establish general memory scaling
behavior for substantially larger datasets, spatial resolutions,
or neural operators in practice across different systems.

4.5. Overall Results

Across both PDEs, the neural operator had a lower marginal
inference cost than the corresponding numerical solver. The
Burgers baseline showed an inference speed advantage of ap-
proximately 10.2 times, while the heat equation experiment
showed an advantage of approximately 5.6 times. However,
the cumulative computational results were different from the
marginal timing results. The Burgers baseline reached a break
even point near 3.0 x 10% simulations, the larger Burgers con-
figuration near 8.0 x 103 simulations, and the heat equation
configuration near 2.75 x 10* simulations, respectively.
These measurements demonstrate that the computational
value of a neural operator depends on the interaction between
fixed preparation cost, marginal inference cost, solution ac-
curacy, and the number of simulations required. A lower in-

ference time alone was not sufficient to make the learned ap-
proach less expensive over the tested workloads. In particular,
the heat equation experiment remained numerically cheaper
through 10000 simulations even though the neural operator
provided an overall faster individual predictions.

Overall, the experiments provide evidence for a workload-
dependent relationship between neural operators and numeri-
cal solvers rather than a universal computational replacement.
The numerical solver remained favorable for small workloads
and for the heat-equation experiment across the tested range,
while the neural operator became favorable for sufficiently
large Burgers workloads. These results establish the basis for
the comparison discussed in the following section.

5. Discussion

5.1. Workload-Dependent Computational
Advantage

The experiments show that the computational advantage of
a neural operator depends on the number of simulations re-
quired rather than on inference time alone. For the base-
line Burgers configuration, the mean numerical solver time
was approximately 0.012437 s per simulation, while the mean
FNO inference time was approximately 0.001221 s per simu-
lation. For the heat equation, the corresponding values were
approximately 0.004105 s and 0.000738 s. Thus, the neural
operator had a lower marginal evaluation cost for both PDEs,
but the lower marginal cost did not immediately produce a
lower total computational cost for small workloads.

The difference resulted from the fixed computational invest-
ment required before neural-operator inference could be used
repeatedly. The baseline Burgers configuration required ap-
proximately 33.346 s of fixed computation, the larger Burgers
configuration required approximately 97.600 s, and the heat-
equation configuration required approximately 92.422 s. The
estimated break-even points were approximately 2.98 x 103,
8.00 x 103, and 2.75 x 10* simulations, respectively. These re-
sults show that a lower marginal prediction cost can become
useful only after the initial data-generation and training cost
has been distributed across a sufficiently large workload.

This behavior is consistent with the distinction between
start up and marginal computational costs reported in prior
data driven PDE work, where the cost of preparing and train-
ing a learned model is separated from the cost of subsequent
model evaluations [1]. The present experiments show that the



resulting break even workload can vary substantially between
PDEs even when the same general FNO architecture is used.
The computational value of a neural operator is therefore
workload dependent rather than an inherent consequence of
its lower inference time in isolation.

5.2. PDE Dependence of the Cost Trade-off

The difference between the Burgers and heat-equation exper-
iments provides a key result for the central question of this
study. The neural-operator workflow became less expensive
than repeated numerical solution at sufficiently large work-
loads for the Burgers equation, while the numerical solver re-
mained less expensive through the tested workload of 10000
simulations for the heat equation. The estimated break-even
point for the heat equation was approximately 27450 simula-
tions, substantially larger than the corresponding break-even
points observed for the Burgers configurations.

The difference can be understood from the measured
marginal solver costs. A heat equation solution required ap-
proximately 0.004105 s, whereas a baseline Burgers solution
required approximately 0.012437 s. Because the numerical
solver was faster for the heat equation, more simulations were
required before the lower FNO inference cost could recover
the fixed preparation cost. The results show that the break
even point is governed by the interaction between numerical
solver cost, neural operator preparation cost, and neural oper-
ator inference cost rather than by inference speed alone.

This observation places a direct limit on broad claims that
neural operators replace numerical solvers. A neural opera-
tor can provide a faster individual prediction while remaining
more expensive over an entire scientific workload. The rele-
vant computational question is therefore whether the savings
from repeated inference are sufficient to recover the resources
required to construct the learned model for the intended use.

5.3. Accuracy and Computational Cost

The accuracy results show that increasing the training config-
uration can improve the learned solution while increasing the
computational investment required to obtain it. For the Burg-
ers equation, the baseline configuration produced a test rela-
tive L? error of approximately 9.54 x 1073, while the larger
configuration reduced this value to approximately 4.92x 1073,
At the same time, the fixed computational cost increased
from approximately 33.346 s to approximately 97.600 s, and
the estimated break-even point increased from approximately
2.98 x 10? to approximately 8.00 x 103 simulations.

The heat equation provides an independent accuracy check
because its numerical solution can be compared with an ana-
lytical solution. The numerical solver produced a relative L?
error of approximately 2.39 x 1072 against the analytical ref-
erence, while the FNO produced approximately 3.88 x 1073,
The neural operator therefore provided a faster marginal eval-
uation but a substantially larger error for this analytically ver-
ifiable test case. The comparison demonstrates that computa-
tional cost and numerical accuracy can favor different meth-
ods under the same problem conditions and workload needs.

These results indicate that model accuracy and computa-
tional cost should be evaluated jointly. Increasing training re-
sources can improve prediction quality, but the associated cost

may move the break-even point to a larger workload. A train-
ing configuration that is preferable for accuracy may there-
fore be less attractive for applications involving only a lim-
ited number of simulations in practice and under constrained
computational budgets or available system resources.

5.4. Generalization and Applicability

The present experiments use held-out test cases generated
from the same problem distributions used to construct the
corresponding training datasets. They therefore provide ev-
idence for predictive performance within the tested distribu-
tions, but they do not establish broad generalization to ar-
bitrary changes in parameters, boundary conditions, geome-
tries, or spatial resolutions under unseen conditions.

This limitation is relevant because previous work has
shown that learned PDE models can depend on the relation-
ship between training and evaluation data. Kadeethum et al.
reported degradation when validation data did not share rel-
evant underlying features with the training data [1]. Neural
operator studies have also investigated the representation of
infinite-dimensional operators and solution operators associ-
ated with geometry-dependent PDE problems [3,4]. These
studies establish the importance of generalization, but the
present experiments do not provide sufficient evidence to
quantify out-of-distribution performance beyond the tested
cases or under broader distribution shifts in practice.

5.5. Why Neural Operators Do Not Replace
Numerical Solvers

The combined results do not support a universal replacement
of numerical solvers by neural operators. Conventional nu-
merical methods remain attractive when relatively few solu-
tions are required or when the cost of one numerical solve is
sufficiently low that the training investment cannot be recov-
ered. The heat equation experiment provides a direct example
because the numerical solver remained less expensive through
the tested workload despite the lower FNO inference cost.

Neural operators can nevertheless provide a computational
advantage for sufficiently large repeated-query workloads.
The baseline Burgers experiment provides such a case, with
the neural-operator workflow becoming less expensive after
approximately 3.0 x 10% simulations. The appropriate inter-
pretation is therefore conditional substitution within selected
workloads rather than universal replacement. This interpre-
tation is consistent with broader scientific machine learning
(SciML) research that considers learned solution operators
alongside traditional numerical algorithms [5,6].

5.6. Limitations

The principal limitation of the study is the breadth of the
computational evaluation. The experiments consider two
one-dimensional PDEs, the numerical solver implementations
used in the benchmark, a family of FNO configurations, and
one Intel(R) Xeon(R) Gold 6226R CPU environment. The
results therefore demonstrate workload-dependent behavior
within the tested settings but do not establish how the mea-
sured break-even points will change for higher-dimensional
PDEs, different numerical methods, different neural-operator



architectures, GPU execution, or substantially larger spatial
resolutions.

The repeated Burgers baseline runs also use the same ran-
dom seed and data generation procedure. These repetitions
therefore characterize timing variability rather than indepen-
dent variation in model training and accuracy. Additional
training runs with independent seeds would be required for
a fuller assessment of stochastic variation in learned model
performance across training trials and configurations.

The heat equation provides an analytical reference for in-
dependent verification, whereas the Burgers experiments use
numerical solutions as the reference targets. The two PDE
experiments therefore do not provide identical forms of accu-
racy verification. This distinction should be retained when in-
terpreting the numerical error values across the two problems
and their respective evaluation settings separately.

Finally, the reported fixed neural-operator cost includes the
computational stages implemented in the benchmark, includ-
ing numerical generation of training and validation data and
model training. Additional deployment costs such as long-
term storage, data transfer, model maintenance, and future
retraining are not included. These factors may become rele-
vant in larger operational working environments.

5.7. Implications for Scientific Computing

The combined experiments indicate that neural operators
should be evaluated as workload-dependent computational al-
ternatives rather than as automatic replacements for numer-
ical solvers. In both PDEs, the neural operator reduced the
measured marginal cost of obtaining a prediction, but the total
computational benefit depended strongly on the fixed prepa-
ration cost and the cost of the corresponding numerical solve.

For applications requiring many related simulations, the
lower marginal inference cost may eventually compensate
for the initial training investment. For applications requir-
ing fewer simulations or involving relatively inexpensive nu-
merical solves, the numerical method can remain more eco-
nomical. The appropriate method therefore depends on the
relationship between simulation count, numerical-solver cost,
training cost, inference cost, and required accuracy.

The results also support a broader view in which machine-
learning methods and numerical methods can coexist within
scientific computing. Physics-based modeling remains impor-
tant for representing governing relationships, while learned
models can provide computationally efficient approximations
for selected repeated-query problems [5,6]. Within the scope
of the present experiments, the central conclusion is that
neural operators offer a conditional computational advantage
rather than a universal replacement for numerical solvers.

6. Conclusion

This study compared a Fourier neural operator with conven-
tional numerical solvers for repeated simulation of two one-
dimensional partial differential equations, namely the viscous
Burgers equation and the periodic heat equation. The com-
parison treated the computational cost of data generation and
model training separately from the marginal cost of subse-

quent neural-operator inference and compared these quanti-
ties with the repeated cost of direct numerical solution.

For both PDEs, the neural operator had a lower measured
marginal inference cost than the numerical solver. The base-
line Burgers configuration required approximately 0.001221 s
per FNO inference compared with approximately 0.012437 s
per numerical solve, while the heat equation required approxi-
mately 0.000738 s and 0.004105 s, respectively. These results
demonstrate a clear marginal computational advantage for the
learned model under the tested CPU configuration.

The cumulative cost comparison produced a different re-
sult overall. The baseline Burgers configuration reached an
estimated break even point at approximately 2.98 x 103 sim-
ulations, while the larger Burgers configuration reached ap-
proximately 8.00 x 103 simulations. For the heat equation,
the estimated break even point was approximately 2.75 x 104
simulations, and the numerical solver remained less expensive
through the tested workload of 10000 simulations. The lower
inference cost therefore did not by itself determine the lower
cost computational strategy across the evaluated workloads.

The accuracy results further demonstrate the trade-off be-
tween predictive quality and computational preparation. In-
creasing the Burgers training configuration reduced the test
relative L? error from approximately 9.54 x 1073 to approxi-
mately 4.92x 1073, but increased the fixed computational cost
and shifted the break-even point to a larger workload. For the
heat equation, the numerical solver agreed with the analyti-
cal solution to approximately 2.39 x 1072 relative L? error,
while the FNO produced approximately 3.88 x 1072 relative
error. The numerical method therefore retained a clear accu-
racy advantage for this analytically verifiable case.

The evidence does not support the conclusion that neural
operators universally replace numerical solvers. Instead, the
experiments support a conditional conclusion in which neural
operators can become computationally advantageous when
many related simulations are required and the lower marginal
inference cost is sufficient to amortize the initial prepara-
tion cost. Conventional numerical solvers remain preferable
for smaller workloads and for problems in which the direct
numerical cost and required accuracy make neural operator
preparation difficult to justify in practical applications.

The study is limited to two one-dimensional PDEs, the
numerical solver implementations used in the benchmark, a
family of FNO configurations, and one CPU environment.
Broader conclusions require additional PDE classes, spatial
resolutions, numerical methods, hardware configurations, in-
dependent training realizations, and systematic tests of gener-
alization. Within the scope of the present experiments, how-
ever, the central finding is clear: neural operators can reduce
the marginal cost of repeated PDE prediction, but their overall
computational value depends on workload size, preparation
cost, inference cost, and required solution accuracy.
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